We study the free energy of N = 4 super Yang-Mills theory in the Higgs phase with a mass scale M corresponding to non-zero v.e.v. of the scalar fields. At zero temperature this theory describes a system of paralell separated extremal D3-branes. Non-zero temperature corresponds to non-extremality in supergravity description. We interpret the supergravity interaction potential between a non-extremal D3-brane and a D3-brane probe as contribution of massive states to the free energy of the N → ∞ SYM theory at strong 't Hooft coupling (λ = 2N g 2 YM ≫ 1). Both low (M ≫ T ) and high (T ≫ M ) temperature regimes are considered. For low temperature we find that the structure of terms that appear in the free energy at strong and weak coupling is the same. The analysis of the high-temperature regime depends on a careful identification of the scalar field v.e.v. in terms of the distance between branes in the supergravity description and again predicts strong coupling terms similar to those found in the weak-coupling N = 4 SYM theory. We consider also the corrections to the strong coupling results by taking into account the leading α ′3 R 4 string contribution to the supergravity effective action. This gives rise to the λ −3/2 corrections in the coefficient functions of λ which multiply different terms in free energy.
Introduction
D-branes, having both closed string and open string descriptions [1, 2] provide an important link between certain physical quantities in supergravity and super Yang-Mills theory (see, in particular, [3, 4, 5, 6, 7, 8, 9] ). While N extremal coinciding D3-branes are described by a vacuum state of N = 4 SYM theory, the near-extremal D3-branes are expected to be described by a finite temperature state of the SYM theory.
The interpretation of near-extremal supergravity D-brane solutions as corresponding to finite temperature states on SYM side is very natural in view of the existence of the Hawking temperature and entropy associated with them. Indeed, the Bekenstein-Hawking entropy of non-extremal D3-brane has the same form as the entropy of the conformal SYM theory [3] . The relative coefficient of 3/4 between the weakly coupled SYM result and the B-H entropy [3] reflects the need to interpolate from strong to weak coupling in order to compare the supergravity result to the perturbative SYM expression for the entropy [10] .
Here we would like to address the question of a similar relation between the SYM thermodynamics in the massive Higgs phase (or Coulomb branch corresponding to the case of non-zero vacuum expectation values of the scalar fields) and the supergravity description of non-extremal D3-branes. As in [10] the aim will be to interpret the supergravity results as predictions about SYM free energy in the strong coupling regime.
Having non-zero temperature T and non-zero scalar expectation values U ∼ M in SYM theory should correspond to a system of separated non-extremal D3-branes. We shall consider the simplest possible case when N ≫ 1 coinciding D3-branes ('source') are separated by a distance (proportional to a mass scale M ) from a single-charge D3-brane ('probe'). We shall assume that the parallel branes are separated along the single transverse direction, i.e. the U (N +1) scalar (coordinate) matrix isÛ n = diag(δ n1 U, 0, ..., 0), breaking the gauge symmetry U (N + 1) → U (N ) × U (1). We shall be interested in the case when the whole system is in a thermal state with temperature T proportional to the non-extremality parameter of the D3-brane solution. The aim will be to compute the supergravity interaction potential 1 and to interpret it as a contribution of massive states to the free energy of the N → ∞ SYM theory at strong 't Hooft coupling (λ = 2N g 2 YM ≫ 1). At zero temperature the static interaction potential between the source and the probe vanishes -parallel branes represent a supersymmetric BPS state. At finite temperature it is natural to expect that there will be an attractive potential between the branes, i.e. there will be a tendency to restore the broken gauge symmetry.
This expectation is in agreement with the fact that the extremal D3-brane solution [14, 15] with separated centers does not have a non-extremal generalisation which is static 1 Some previous related discussions appeared in [6, 11, 12, 13] .
-the only static non-extremal solution is a single-center black D3-brane [14] . In general, non-extremal black holes attract and fall onto each other, i.e. one obtains a static solution only if they are at the same point (we exclude the possibility of having an infinite periodic array of black holes). Extremal BPS black holes or branes form a much larger space of static solutions parametrised by harmonic functions, i.e. they can be separated and put at different points at no const in energy.
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This is what happens in gauge theory at weak coupling: if we start with a vacuum state with non-zero scalar value < U >= M and switch on the temperature T ≫ M , the induced scalar potential V ∼ T 4 − aT 2 U 2 + ... will drive the system back to the unbroken phase with < U >= 0 [16] . The finite temperature breaks supersymmetry and lifts the vacuum degeneracy of N = 4 SYM theory. This is seen at weak coupling, and we interpret the above remark about supergravity solutions as the prediction that the same happens also at large N and strong 't Hooft coupling. Below we shall consider the supergravity expression for the interaction potential between non-extremal D3-brane 'source' and D3-brane 'probe'. We shall interpret it in terms of the massive states contributions to the SYM free energy F as a function of the temperature T and mass scale M ∼ U (or separation between branes) in Higgs phase at strong coupling, and also compare it with the weak-coupling SYM theory result for the free energy. We shall find that while the weak and strong coupling expressions contain terms of similar structure, their coefficients are in general different. This follows the same pattern as discovered in [3, 10] for the coefficient in the free energy ∼ V 3 T 4 in the massless (coinciding brane) case. As in [17, 10] we shall consider the modification of the supergravity expressions by the leading α ′3 R 4 string correction and suggest that at finite 't Hooft coupling λ different terms in F (T, M ) are multiplied by non-trivial functions of λ, which at strong coupling go as a + bλ −3/2 + ....
We shall mostly concentrate on the case when separation is large compared to nonextremality, i.e. when the temperature is much smaller than the mass scale. When M ≫ T the contribution of the massive states to the SYM free energy we are interested in may be computed in two steps. One may first ignore the temperature and integrate (in the N → ∞ limit) the massive modes out obtaining a Wilsonian effective action
) for the massless modes. One may then switch on the temperature and compute the free energy starting with this effective action. On the supergravity side, the probe's action in an extremal source background is known to be related to W . Given 2 Note that separated extremal solutions have curvature singularities, while single-center black holes have a horizon (which is regular in non-dilatonic cases like D3-brane or certain bound states of branes).
that the structure of the static potential part of the probe's action in a non-extremal background is very similar to that of the velocity-dependent part in the extremal case, it may not be completely surprising that one finds also a close correspondence between the thermal average of W and the interaction potential of a D3-brane prove with a nonextremal D3-brane source.
In section 2 we shall compute the supergravity interaction potential as a function of non-extremality parameter (r 0 ∼ T ) and separation (r ∼ M ). We shall consider the large charge (or 'near-core') approximation.
In section 3 we shall study the 'low-temperature' or 'long-distance' (M ≫ T ) expan- term in F has a (l + 2)-loop origin in the SYM free energy and is related to the term 
terms. Similar terms are found in the supergravity potential, implying that they should be present in the strong-coupling SYM free energy.
In section 5 we consider the λ −3/2 corrections to the coefficients in strong-coupling expression of the free energy produced by taking into account the leading α ′3 R 4 string correction to the supergravity action.
In Appendix we present the expression for the 1-loop effective potential in N = 4 SYM theory at finite temperature.
Supergravity expression for D3-brane interaction potential
We shall consider a D3-brane probe (with charge 1) in a non-extremal D3-brane background (with charge N ) and find the static interaction potential as a function of nonextremality parameter r 0 and separation r. This potential will be attractive and will vanish at large separation (it will vanish also for r 0 → 0 corresponding to BPS limit). It will be interpreted as a free energy of a U (N + 1) SYM gas at finite temperature (related to r 0 ) and non-zero scalar vaccum expectation value or mass M (related to r).
The metric of non-extremal D3-brane and the 'electric' components of the 4-form potential are (i = 1, 2, 3)
1)
,
2)
The string coupling g s is related to the SYM coupling g YM and 't Hooft coupling λ by
The non-extremality parameter is related to the Hawking temperature T as follows [3, 18] 
We shall consider D3-brane probe to be static and parallel to the source and choose the static gauge. We shall assume that the euclidean time (same for the probe and the source)
. Then the interaction part of the action for the D3-brane probe takes the form
where V 3 is the volume of the spatial directions along the D3-brane and T 3 is the D3-brane tension [1]
We shall assume that N → ∞, λ ≫ 1 for the validity of the supergravity description [4, 5, 6] and also consider the low-energy or gauge theory limit [4, 12, 7] in which
Equivalently, one may set
The resulting metric that follows from (2.1) has horizon at U = U 0 and a curvature singularity at U = 0 [19] . The finite temperature N = 4 SYM theory should describe the full geometry including the under-horizon region [19] . 4 The vielbein components of the Weyl tensor are proportional to
and are small near (and outside) the horizon where one can thus trust the supergravity description.
The action of the probe placed outside of the horizon (2.6) now becomes 10) i.e. the corresponding 'free energy' is
Our aim below will be to interpret this expression as the N → ∞, λ ≫ 1 limit of the SYM free energy at temperature T in the phase with non-zero scalar expectation value (or mass parameter) U . In the above expressions we did not yet make any assumptions about the relative values of r and r 0 (or U and U 0 ). As in [11, 20, 21] we shall think of the non-extremal D3-brane as 'located' at the horizon. Thus the limit of large separation between the branes (or 'small temperature' M ≫ T limit) is r ≫ r 0 while the limit of small separation (or 'high temperature' T ≫ M limit) is r ≃ r 0 .
Long-distance or low temperature expansion
Let us first consider the long-distance approximation r ≫ r 0 corresponding to the probe being far away from the source. Equivalently, let us assume that the temperature is very low, i.e. the scalar expectation value or the mass parameter U is much larger than
Leading term
The leading term in the long-distance or low-temperature expansion of (2.11) is
Remarkably, this expression is perfectly consistent with the previous results [3, 10] about the correspondence between the entropy or free energy of the massless SYM gas and the Bekenstein-Hawking entropy of near-extremal D3-brane. The free energy of U (N ) SYM theory in the zero scalar (massless) vacuum is given forN ≫ 1 by [10]
one thus finds that in the strong coupling (supergravity) limit
In the weakly coupled SYM theory the separation of one of the D3-branes from N others corresponds to switching on a non-zero scalar expectation value. 5 Then the O(N 2 ) and O(1) terms in the total free energy correspond to the contributions of the modes which remain massless while the O(N ) term is the contribution of the massive modes. The order N term in (3.4) is exactly the expression in (3.1) which represents the energy of the separated brane. This is consistent with the interpretation [22] of the probe's action as being the result of intergrating out the massive SYM modes (or strings connecting probe and source): the analogue of (3.1) at weak coupling is the contribution to the total free energy produced by the loop of massive modes. In general, one could expect that the total large N free energy of the SYM gas in the non-zero scalar (or 'one brane separated') phase may have the form
What we have found is that the functions f andf have the same weak and strong coupling limits and thus are likely to coincide also for finite 't Hooft coupling. We shall present a non-trivial check of this conjecture in section 6 by showing that f andf do have the same O(λ −3/2 ) terms in their strong-coupling expansions.
5 Since U 2 = U n U n (n = 1, ..., 6) we may assume that branes are separated along n = 1 direction, i.e. take the U (N + 1) scalar matrix as U 1 = diag(U, 0, ..., 0).
Subleading term
The first subleading term in the large-distance expansion of (2.11) is
The supergravity predicts that this term should be present in the strong-coupling limit of the SYM theory free energy in the 'massive' phase. As we shall argue below, like in the T 4 term case, there is a similar
term also in the weak-coupling expression for the SYM free energy. This term has a 3-loop origin.
It is useful to draw analogy between the large-distance expansion of the non-extremal (T = 0) static potential (2.10),(2.11) and the velocity-dependent D3-brane interaction potential in the extremal case
The leading v 2 term corresponds to the classical U (1) F 2 µν term on the SYM side, the [23, 26, 24] . At the same time, no such non-renormalisation theorems are expected in the nonextremal or finite temperature case where supersymmetry is broken. As already found on the example of the T 4 term [10] , different terms in the free energy may be multiplied by non-trivial functions of the SYM coupling, i.e. one may find the following expression for the 'masive' contribution to the free energy
where, like f in (3.3), the functions h n approach finite values at both small and large λ, i.e.
The coefficients b n are determined by the supergravity action (2.11).
Let us now argue that (3.8),(3.9) is consistent also with the weakly coupled SYM theory. In general, the perturbative g 2 YM or loop expansion for the N = 4 SYM free energy as a function of temperature and scalar vacuum value or effective mass parameter M = U has the following form (determined in view of the UV finiteness of the theory by dimensional considerations)
To compare with long-distance expansion in supergravity we are interested in the lowtemperature limit when U ≫ T . Then it is easy to show (see Appendix) that the nonconstant U -dependent part of the 1-loop correction vanishes exponentially in this limit,
→ a e −U/T → 0. The same conclusion happens to apply also to F 2 . However, the 3-loop term F 3 does contain a nontrivial contribution proportional to
U 4 which thus has the same structure as the strong-coupling (supergravity) correction (3.6), in agreement with the ansatz (3.8), (3.9) .
A simple way to argue that the 3-loop term in the SYM free energy contains a nontrivial U 4 to the leading order in gauge coupling then leads to the required term. Indeed,
The resulting coupling dependence is as appropriate for a 3-loop planar graph contribution to the free energy (averaging is done with e −F 2 /g 2 YM measure). The T 8 behaviour follows on dimensional grounds.
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Remarkably, the supergravity (strong-coupling) result in (3.6)
2 . Though we did not compute the proportionality constant in the weak-coupling 3-loop SYM expression (3.11), there is no reason to expect that it will 6 We assume that the fields are normalized so that the SYM Lagrangian is L ∼
7 To demonstrate that the expectation value at T = 0 is proportional to T 8 it is enough to consider the abelian approximation. Separating first the points in F 4 as, e.g., < F 2 (x)F 2 (0) > we get terms like ∂∂G∂∂G, where G is the massless scalar propagator at finite
Differentiating and taking the limit of coinciding points we obtain the T 8 result (using that the UV cutoff dependence should cancel out as it is absent at T = 0).
coincide with the corresponding constant in the supergravity expression (3. .7)). Taking the expectation value of the F 2l+2 operator at T = 0 (that adds l + 1 to the total loop order) one gets the required factor of λ l+1 T 4l+4 . Note that the appearence of the non-trivial functions h N (λ) in (3.8) (i.e. a breakdown of non-renormalisation theorems) may be attributed to the second step of thermal averaging (cf. (3.11) ).
Comments
The supergravity potential (2.11) if interpreted as the exact expression for the SYM free energy in the strong-coupling limit suggests the existence of the maximal temperature (for given U and λ). The square root formula (2.11) has the same 'Born-Infeld' origin (cf.(2.6)) as the action of a relativistic D-particle (cf. (3.7) ), so the bound on T is similar to the maximal velocity or maximal field strength bounds. Since (2.11) is formally valid in the low-temperature phase, this suggests that T c = π
temperature' at which a phase transition takes place. 8 Note that the entropy and heat capacity corresponding to the free energy (2.11)
diverge at the critical temperature.
Short distance or high temperature expansion
The perturbative free energy of the SYM theory with mass scale M is expected to have the following high temperature or small mass (T ≫ M ) expansion (see Appendix):
i.e. the functions F n in (3.10) should be (M ∼ U )
To see if the supergravity expression (2.10) representing strong-coupling limit of the SYM free energy contains similar T 2 M 2 , etc., terms one is to consider its short-distance or nearhorizon r → r 0 expansion. The action (2.10) will be describing a D3-brane probe separated by a small distance from the horizon of a non-extremal D3-brane source.
In general, one may doubt that the supergravity-SYM correspondence may still apply in this region. One could also consider the alternative possibility that the T ≫ M region of SYM theory is described in supergravity by the configuration where the probe is near the core r = 0 but is under the 'thermal' horizon r = r 0 . The expression (2.10) does not obviously apply to this case. In what follows we shall adopt the simplest r → r 0 expansion but we should admit that the discussion in this section will be more heuristic than in the small T or long-distance expansion case.
One immediate question is how to relate the supergravity coordinate r in the region where it is close to r 0 to the scalar condensate or mass scale M of SYM theory. We shall assume that the relation between the scalar field value U ∼ M and r is more complicated than the direct proportionality r ∼ M which holds for large r (cf. (2.8)), and, in general, depends on r 0 .
The required identification is suggested by the proper choice of coordinates in the near-horizon region. As was noted in [11] , to compare the supergravity description with the SYM theory one in the non-extremal case one should relate the SYM scalars not to r but to the new 'isotropic' coordinate ρ defined by
Note that ρ → ρ 0 = r 0 when r → r 0 . Expressed in terms of ρ the free energy in (2.10) becomes
This change of coordinates was not esential in the above discussion of the large distance expansion, 9 but is crucial for the correct SYM interpretation of the probe's action in the near-horizon region.
Expanding ρ near r 0 and introducing the scalar (mass) parameter M as (see
we find .6) i.e. for small M or high temperature T ≫ M .7) is absent in the weak-coupling 9 Note that with the choice of normalisation of ρ we made for large r we get ρ → √ 2r. Then the (4.4) is exactly the same as the sum of the two leading terms (3.1), (3.6) in the large r expansion of (2.10). 10 The inclusion of the πλ 1/2 factor in (4.5) may seem optional (similar identification of the energy scale was recently argued [28] to be appropriate for local supergravity probes [29] ). If we absorb this factor in M then the high-temperature expansion below will contain extra λ −n/2
factors.
11 By 'high temperature' expansion we mean a near-horizon near-extremal expansion where both M and T are small but T ≫ M .
free energy. In general, it is natural to suggest that the large N , finite λ free energy has the following high-temperature expansion (cf.(3.8))
where
The weak and strong coupling coefficients w n and s n are, in general, different. In particular, w 1 = 0 but s 1 = 0, while both w n and s n are non-vanishing for n > 1.
5. α ′3 R 4 string correction and strong-coupling expansion of SYM free energy
To justify our expectation about the presence of λ −3/2 corrections to the strongcoupling expressions for the SYM free energy (3.5),(3.8),(4.8) let us now repeat the supergravity computation of section 2 now taking the non-extremal D3-brane source metric to be deformed by the leading α ′3 R 4 correction to the string effective action (see [17, 10] and refs. there). As in [10] the idea is to find the changes in the probe's action and thus in the free energy. This will allow us to determine the leading correction to the strong coupling SYM result as predicted by string-corrected supergravity. Remarkably, we will find that the 'N 2 + 2N + 1' pattern for the coefficient of the leading T 4 term in the action (3.4) survives the correction, implying that the order N ('massive') contribution should be multiplied by the same function (3.3) of the 't Hooft coupling as found in the massless phase in [10] .
Let us first summarize the result for the corrected near-horizon (or large N , large N g s ) limit 10-d Einstein-frame metric as found in [10, 30] :
Here the 5-d metric is [10] (cf. (2.1))
and the 'S 5 raduis' function is [30] 
Note that ν does not have ( r 0 r ) 4 term as this function corresponds to a massive (fixed) scalar [10] . For completeness, the expression for the 10-d dilaton which is needed to determine the 10-d string-frame metric ds
is [10] (we will not use this expression below)
Here γ is proportional to the coefficient of the R 4 term in the type II superstring effective action (compared to [10] we make γ dimensionless by multiplying it by 
We shall assume that there are no direct α ′ -corrections to the form of the D3-brane probe action, i.e. that only the background is deformed by O(γ) terms. Then the static potential part of the action I = T −1 F or the free energy F is (cf. (2.10))
Note that in terms of the string-frame 10-
but the dilaton factor drops out once we transform to the Einstein-frame metric.
The leading O(γ) correction to the strong-coupling result for the SYM free energy in the 'massless' phase (3.4) found in [10] is given by (see also (3.2),(3.3))
where we used the modified relation between the temperature and r 0 [10]
In the present 'separated' case the leading r-independent term in the interaction potential (5.9) is found to be (cf. (3.1))
Up to the coefficient 2N instead of N 2 (cf. (3.4)) this is exactly the same expression as in the coinciding 3-brane case (5.10) . This is perfectly consistent with the expectation that the functions f andf in (3.5) should be the same, i.e. that the U (N + 1) expression (3.2) for the total free energy should apply to both coinciding and separated brane cases. Now we can look at the subleading term in the large distance expansion of (5.9). We find the following O(γ) correction to (3.6) (see (5.11))
This determines the first two terms in the function h 1 (λ) in (3.8) . Similar analysis can be repeated in the case of the near-horizon r → r 0 expansion of the interaction potential discussed in section 4. As follows from (5.9), the leading r 
(5.14) The final effect of expressing the action in terms of ρ and expanding in powers of M T can be seen by using the leading-order relations (4.3),(4.5) in the O(γ) terms in (5.9): we get 1 + c n γ factors for all ( M T ) n terms in the expansion of the free energy, confirming that F has the general structure suggested in (4.8),(4.9). In general, the 1-loop free energy of a gas of massive N B scalars and N F spinors of the same mass M has the following large T expansion (see e.g. [31] ) 
The inverse temperature β = T −1 is the period of the euclidean time direction. Using the relation for the Jacobi θ-functions
in the special case of a free supersymmetric theory with equal bosonic and fermionic masseŝ M B =M F =M this becomes (see e.g. [13] ) YM appears in front of the whole action). In the case of a vacuum (Cartan direction) scalar condensate (corresponding to separated parallel D3-brane configuration) F ab ij = 0 so that all mass matrices coincide (reflecting the remaining supersymmetry). UV divergences cancel as a result of the N = 4 sum rules:
To obtain the finite temperature analogue of (A.6) one is simply to add the thermal θ-function factors in (A.2) inside the integral in (A.6) and to use that V 4 = V 3 β. We get where the remaining trace is over the group indices. We shall consider the case of a U (N + 1) → U (N ) breaking (a single brane separated from N others) when the matrix M 2 has only one non-zero 2N -degenerate eigenvalue M 2 and omit that trace. Then F is given by the sum of the massless and massive state contributions 
